The present paper deals with an eigenvalue problem which describes an everted neo-hookean spherical shell which its outer surface is deformed in compression under hydrostatic pressure. Our approach is based on mathematical modeling using a differential equation of order four and boundary conditions including two differential equations of order two and three. We solve the above mentioned problem using two different expansions of WKB method. We also investigate how to apply the numerical compound matrix on the problem and show the application of Runge-Kutta-Fehlberg and Newton-Raphson numerical algorithm. Finally, by comparing the data obtained from these two methods (numerical and WKB), we not only learn about the turning point, we also find out that the reason of the difference between the results of the two methods is this turning point.
Introduction
In 1999 Chen and Haughton developed a mathematical model for the everted spherical shell and using WKB method solved it for Varga elastic material. In 2003, they used the numerical compound method to solve the problem for Varga elastic material. In this paper, we try to solve the problem using the two expansions = 
=0
of WKB method and obtained the only non-zero equilibrium condition of the problem. We also analyze the problem using the numerical compound method and by defining the compound variables, change a boundary value problem of order four to an The corresponding author : H. Komeyli initial value problem with initial condition. Using numerical methods such as Runge-Kutta-Fehlberg and bisection method in Fortran 90, we solve this problem. Since we apply the numerical compound method for an eversion problem, the Fortran would be somehow different from other programs used for solving compound problems. After finding the eigenvalue of the problem, we use the numerical compound method again to apply non-zero equilibrium condition.
Defining the Problem
The specifications of everted neo-hookean spherical shell are as follows: inner radius A, outer radius B, radial coordinates R and interval [A, B] . This spherical shell is very thin with a hole in it and is everted due to the hydrostatic pressure on its outer surface:
Where is radial coordinates of a point which is equal to radial coordinates prior to pressure. After deformation, Inner radius and outer radius are 1 and 2 respectively and is defined as follows:
Where µ 1 and µ 2 are the eigenvalue of the problem. µ 2 can be obtained using the following equation:
After developing a mathematical model, the problem is changed to a differential equation of order four with the two following boundary conditions: = 0,
Where is equals to:
The main stretches of the problem are defined as follows:
3 and λ in equation (7) are as follows:
Applying WKB to Solve the Eigenvalue Problem
In WKB method the answer is shown as follows:
Where δ = δ and 0 ⤍ δ . In order to apply WKB method on the everted neo-hookean spherical shell, we define an asymptotic expansion for capital as follows:
Now, by substituting f and its derivatives of equation (8) in equation (3) and considering various coefficients of , we achieve a large class of differential equations in terms of S(r) which could be solved by Mathematica software. Therefore, we can find four independent solutions for S which we show its ith answer as ( ) as follows:
From which we obtain S 0 (i) , S 1 ( ) and 2 ( ) as follows: 
Given that there are four independent solutions for S(r) and considering the definition of f in (8) , f has four independent linear solutions and the general solution of f is defined as follows:
Now, we replace equation (12) and its derivatives in (4) and (5) boundary conditions, then write the following matrix:
ij will be as follows: 
Where
constant, G j r and F r functions for = 1, . . ,4 are defined as follows:
−6 c r 5 S j r S j r ′ +3r 8 S j (r)S j r ′ ) r 3 c−r 3 2 3
When 2 − a 1 = O(1) and 1 − 1 = O(1), for capital value n (1) and (3) with capital exponent and small (2) and (4) . To obtain a non-trivial solution of (13) the following condition must be satisfied:
Then,
Now we expand µ 1 in terms of and thus we consider:
Now, using Mathematica software and considering various coefficients of , µ 1 can be obtained as follows: Solving everted neo-hookean spherical shell problem using WKB method would be possible through defining the asymptotic expansion below:
By substituting (22) and its relevant derivatives in problem with eigenvalue (3), we apply WKB method and obtain , 0 , 1 and 2 as follows:
Using Mathematica software and substituting 3 in equation (3) 
Now we write the obtained results of 0 (i) and 1 (i) as (22) expansion, so that in this expansion we suppose 2 i r as x for = 1, … ,4 and in next stages try to eliminate it to find integer of :
Since there are four distinct ( ) and considering the definition of in (22), there are four independent solutions for which its general solutions will be as follows:
We substitute equation (26) and its derivatives in (4) and (5) boundary condition and write it as the matrix below:
ij is defined as follows: 
Where ( ) = (i = 1, … ,4), constant ( ) and γ j (r) and α r functions for = (1, . . ,4) is defined as follows:
Now at this stage, by substituting i ( ) for ( = 1, … ,4) in (4) and (5) boundary conditions, we obtain γ r and γ r respectively. We know for capital value (1) and (3) with capital exponent and small (2) and (4) . In order to obtain nontrivial solution for equation (27) the following condition must be satisfied:
Therefore, we have:
The matrix equation below can be substituted by matrix equation (27):
In order to eliminate 2 i r for = 1, … ,4 of matrix (34) elements, we write this equation as follows:
Where α 3 a 2 , γ 3 a 2 = α 3 a 2 , γ 3 a 2 / 3 ( ),
Matrix (35) will have a solution if determinant of the coefficient matrix is zero:
Now given equation (20), 0 , 1 and 2 will be as follows: 
The Equilibrium Condition
The shell is composed of a homogeneous, isotopic and hyper elastic material, and the strain-energy function is in relation with deformation gradient due to principle stretches and is written:
Now stretch tensors may be written:
Where is pressure and i = δw δ
. The strain-energy function of the everted neo-hookean spherical shell is:
Now we check the only equilibrium condition:
We assume that the spherical shell remains empty after deformation, then > 0. Also, if the stretch on inner and outer surface is zero, it can be written:
Now the equilibrium mentioned in equation (41) 
Where = = 3 + 3 − 3 . The principle stretches are defined as follows:
Based on the incompressibility condition we have:
By assuming λ 2 = λ 3 = λ we can obtain the following result for λ 1 :
Therefore based on (40) and (44) the energy function of the problem may be written:
By assuming µ = 1 we can obtain the equation bellow:
At this stage, using Mathematica software, equation (42) 
By drawing the graph of equilibrium condition and its collision with the graph resulted from applying WKB method, the desired solutions for 2 arbitrary are shown in figure (1): Figure 1 . collision of bifurcation graph and the equilibrium condition graph of everted spherical shell for two arbitrary , = and = .
In figure 1 , we find the solution for = 24 and = 100 by drawing the graph of equation (39) and (46) in the neighborhood of point 1 = 0.2. Now in table 2, using the equilibrium condition on (46) we explain the eigenvalues obtained from WKB method via ( ) expansion. It should be noted that all the calculations in this method have been carried out by means of Mathematica software. 
The Turning Point
According to Fu and Lin (2000) [10] , turning point is the root of 0 denominator in WKB method by
expansion. They believe that turning point could also be achieved by 0 (2) = 0 (4) . In this paper, after finding the turning point, the solution is obtained within a certain interval. Now by studying the root of denominator 0 , the following statement is obtained:
By studying the obtained 0 and 0 (2) = 0 (4) , we reach the same conclusion. 
Now for a constant , we calculate µ 1 and by substituting it in the constant defined in equation (6), we have:
At this stage, by substituting (48) in (47) we may obtain the turning point. Therefore, using expansions S(r) and R(r) of WKB method, we calculate the turning point for = 30 and name them R and s respectively. s = 0.863811, R = 0.871332.
Applying Numerical Compound Matrix in Solving the Eigenvalue Problem
In numerical compound method, we first define a matrix solution with certain initial conditions and then obtain the eignevallues as the root of matrix cofactors. Compound matrix variables are the matrix solution cofactors and in this method, cofactors are calculated directly.
We suppose the eigenvalue problem below:
Which in boundary condition becomes:
We rewrite equation (49) 
The general solution of equation (51) under initial condition may be written
Where 1 and 2 are two independent linear solutions, obtained from the homogenous system which satisfies the initial condition below:
The first step of the numerical compound matrix is based on the matrix solution cofactors which may be written:
The cofactors of matrix solution may be as shown as follows:
We know that = [ 1 , . . , 6 ] is compound of order two. Now by differentiating the cofactors of matrix solution, we may write problem (49) using the numerical compound matrix method [12] Now to obtain the initial condition of (53) compound problem, we substitute 1 and 2 in (50) boundary condition and considering the compound variables obtained in matrix (53), the initial condition of compound problem may be written 6×1:
We know = 1 + 2 . By substituting in (50) we have: 
Equation (55) will have non-trivial solution, if the determinant of the coefficient matrix is zero: 
At this stage, we solve the initial value (57) using Fortran programming language. Here we apply RungeKutta-Fehlberg numerical method [12] and define i ( = 1, 2, … ,6) as six-elements vectors and finally estimate i i.e. compound variables in point = . After that by substituting the obtained i in target condition, the eigenvalue µ is achieved. Therefore, using Newton or bisection method [12] we obtain µ. 
Results
In WKB method, the solution is described as a linear combination of exponential power series of small parameter :
